Abstract-In this paper the equivalent impedance of resonator arrays for wireless power transfer systems is obtained in closed-form from a continued fraction expression. Using the theory of difference equations, the continued fraction is described as the general term of a complex sequence defined by recurrence, and its convergence is analyzed. It is shown that the equivalent impedance can be easily found in closed-form in terms of the system parameters. In this way, the obtained closed-form expressions may help electrical engineers to quickly predict the behaviour of a system with the changes of its parameters. Some numerical examples of the theoretical results are given and discussed. Finally, the analytical formulae obtained in this work are validated with measurements and a good agreement is observed.
INTRODUCTION
Recently, many studies have been focused on wireless power transfer WPT systems to transfer power without electrical contact in several applications [1] [2] [3] . In situations of high misalignment or distance between the emitter and receiver coils, the use of intermediate resonators [4] [5] [6] [7] [8] [9] [10] can increase the efficiency of these systems and make it possible to transmit power over longer distances. These resonators can be arranged in arrays on a plane with parallel axes, or in a domino configuration. In this way we can build a device capable of charging a small electronic device, or electric vehicle, in several positions along the array (planar array) or be able to charge or power a device at a longer distance (domino array). Usually one of the resonators of the array is connected to the power source and transmits power through magnetic coupling to a load connected at the other end of the array or to one or more receivers over the array.
Magnetoinductive wave theory (MIW) has been used to study these arrays [11, 12] , which can also be analysed using a circuit modelling approach: after removing the resonator of the array connected to the source, the rest of the array can be described with an equivalent impedance. This equivalent impedance allows one to analyse the power delivered by the source to the loaded array (the array facing a receiver or terminated in a load, i.e., using the last resonator of the line as receiver), to examine impedance matching of the source to the loaded resonator array and can be useful for the design of the array and its power source. This equivalent impedance is described as a continued fraction in [11, 13] . Continued fractions play an important role in a variety of branches of applied sciences, as in [14, 15] . Although in [11] it is simply acknowledged that an analytical study of this fraction seems not to be possible, in this paper, by performing a mathematical study of the continued fraction as the general term of a complex sequence defined by recurrence, we obtain a closed-form expression of the equivalent impedance for any condition of the system. The general term of the recursive sequence is determined through the resolution of a linear homogeneous difference equation with constant coefficients and its value can then be calculated just knowing the initial conditions and possible perturbations on the system. Through the closed-form expressions, a better insight of the behaviour of the system with respect to the variation of its geometrical and electrical parameters can be achieved. Indeed, the results of this paper are useful for electrical engineers in the design of a WPT system using an array of resonators, especially regarding impedance matching and the design of the power source. Therefore, as the analysis is made simpler and faster through the closed-form expressions even for several conditions of the system (different circuit parameters, number of resonators, number receivers), designers can save time and increase the calculation precision compared with using electromagnetic simulation software.
In this paper, a description of the analysed circuit is provided in Section 2. The closed-form expressions for the equivalent impedance of a resonator array with a receiver over the array at the end or at any other position of the array are presented in Section 3, together with a numerical study of their values and convergence. The mathematical approach used to develop these expressions, for simplicity of the presentation, is detailed in the Appendix. Finally, in the last section of this paper experiments are carried out to validate the theoretical results presented in this paper, by measuring both the input impedance and the input power and their variation with the equivalent impedance of the array.
DESCRIPTION OF THE CIRCUIT
The system that we consider in this work, as shown in Fig. 1(a) , consists of an array of n + 1 identical resonators (cells) arranged in a plane along a line to form a planar structure; two adjacent resonators are spaced by the same constant distance and are magnetically coupled with a mutual inductance M , whereas the coupling between nonadjacent resonators is neglected, as done also in [5, 11, 13] . Each cell can be described as an R-L-C series circuit, as in [16] where R represents the intrinsic resistance of the cell, L its self-inductance and C the additional capacitance needed to tune the resonant frequency of the cell. The impedance of each cell is then given byẐ = R + jωL + 1/(jωC), being ω = 2πf the angular frequency, that becomesẐ = R at the resonant angular frequency ω 0 = 2πf 0 = 1/ √ LC. The cell of the resonator array connected to a source of sinusoidal voltageV s and internal resistance R s is labeled n + 1, whereas the cell at the other end of the line is connected to a termination impedanceẐ T and labeled 1.
(a) (b) Figure 1 . Equivalent circuit of a system composed of n + 1 cells with (a) the impedanceẐ d inserted in the ith cell, representing the receiver over it and (b) the same system with an impedanceẐ eq representing the resonator array (removing the resonator connected to the source) and the receiver.
When there is a receiver above the line, the receiver absorbs part of the power arriving from the source at the ith cell under it, with 1 ≤ i ≤ n, and this fact represents a perturbation in the system. This perturbation caused by the magnetic coupling between the receiver and the ith cell can be represented byẐ d , as seen in Fig. 1(a) , which is the impedance of the receiver seen from the cell which is under it [11, 13] . It is assumed that the receiver has the same electrical parameters as the cells of the array and, consequently, has the same resonant frequency.
The WPT system can be further simplified by introducing an equivalent impedanceẐ eq , that represents the impedance of the array and the receivers after removing the resonator connected to the power source, as depicted in Fig. 1(b) . As seen in [13] , the equivalent impedanceẐ eq has the following expression when the receiver coil is placed over any cell of the resonator array:
Note that we can replaceẐ T byẐ T in Eq. (1), in the particular case where the first cell of the resonator array is connected to a load and therefore this cell is the receiver (Ẑ T =Ẑ T ) or a receiver is placed over the first cellẐ T =Ẑ T +Ẑ d . Moreover, in case we are operating at the resonant angular frequency ω 0 , Eq. (1) can be written withẐ = R,
The mathematical analysis developed to determine the value of the continued fraction that represents the impedance of an array of resonators is illustrated in the Appendices. It is demonstrated that the fraction can be rewritten as a term of a recursive sequence whose general term can be determined using the theory of linear homogeneous difference equations [17] . In this way, we get an expression for the value of the fraction that depends only on its initial conditions, number of terms and order of the term which is affected by the perturbation. This expression is shown in the next section.
CLOSED-FORM EXPRESSIONS OF THE CONTINUED FRACTION
The theoretical results obtained in the Appendices are now applied to a WPT system composed of an array of resonators, and closed-form expressions for Eq. (1), considered for the two cases with ω = ω 0 and ω = ω 0 , are found. Examples of calculations are carried out with the software MATLAB, and some numerical results are presented and discussed. In order to illustrate possible practical situations, the values for R, L, C and M used are the ones obtained through measurements performed with the experimental setup described in Section 4 (L = 12.6 µH, C = 93.1 nF, R = 0.11 Ω, M = −1.55 µH and f 0 = 147 kHz).
To obtain the expression of the equivalent impedanceẐ eq , we write the generic values of the fractions in Eqs. (A7) and (A11) in terms of the characteristics of the WPT system shown in Section 2,
Equivalent impedance with resonator number 1 acting as receiver or with a receiver over the first cell of the resonator lineẐ
where f =Ẑ − Ẑ2 + 4(ωM ) 2 and g =Ẑ + Ẑ2 + 4(ωM ) 2 . where the constants e 1 , e 2 , e 3 , e 4 , e 5 , e 6 , e 7 , and e 8 are described in Appendix A.5.
Equivalent impedance with a receiver over the resonator line at any position (e.g., over the ith cell)
In case we are operating at the resonant frequency (i.e., ω = ω 0 )Ẑ eq becomes R eq , and Eqs. (2) and (3) can be written withẐ = R, [18] an example is shown by applying Eq. (2) repeatedly in order to determine the equivalent impedance of a resonator array loaded with two receivers. In [19] instead, Eq. (2) is used to analyse the conducted emissions generated by a resonator array. In Fig. 2 we can see that the equivalent impedance is affected more significantly as the receiver gets closer to the cell next to the one connected to the source and for higher values of R d .
Convergence of the Equivalent Impedance
For the constants a 2 and b 2 given in Appendix A.1, for an infinite number of resonators Eq. (2) converges to the following value:
We can see that Eq. (4) does not depend on the initial conditions, i.e., the impedanceẐ T . The limit depends only on the electrical parameters of the cells, the mutual inductance M and the angular frequency ω. For example, for a frequency f = 165 kHz different than the resonant frequency, we can obtain and plot the equivalent impedanceẐ eq (Fig. 3) . For the resonant frequency f 0 = 147 kHz, the equivalent impedance is shown in Fig. 4 . It can be noticed that as we increase the length of the resonator line, even for different values of the impedanceẐ T (or resistance R T ), the equivalent impedance converges always to Eq. (4). Furthermore, introducing an impedanceẐ T equal to (4) into Eq. (2), the equivalent impedanceẐ eq is constant and equal toẐ T regardless of the number of resonators. Taking Eq. (4) into account, at the resonant frequency the input impedance of the array, i.e., the impedance seen from the source terminals, is
Equation (5) coincides with the termination resistance that according to the MIW theory provides matching of the structure [11] . Thus, Eq. (5) can be considered as the characteristic impedance of the line. 
EXPERIMENTAL RESULTS
The theoretical results obtained in this work were verified with the array used in [19] , composed of six resonators each formed wrapping 6 turns of stranded wire (section of 3.31 mm 2 ) around a parallelepiped wooden core of 15 cm × 15 cm square base. The resonator array is shown in Fig. 5(a) . As done in [19] , the resonator was supplied by an H-bridge inverter, which uses an FSB44104A Fairchild Semiconductor and is powered by an AIM-TTI Instruments QPX1200SP 1200W DC Power Supply. An Arduino Due microprocessor controls the H-bridge and sets the working frequency equal to the resonant frequency f 0 of the resonators. The first resonator of the array is terminated to a resistive load. An Agilent 4396B 100 kHz-1.8 GHz Vector Network Analyser (VNA) was used to measure the self-inductance, intrinsic AC resistance, added capacitance of the resonators, which were averaged between maximum and minimum values as described in [19] (see Table 1 ). Note that as the resonators of the array are arranged in a plane, the mutual inductance between each pair of adjacent resonators, determined with the VNA as in [19] , is considered negative in Table 1 , as done in [11, 13] . 
Input Impedance of the Array with a Receiver over the First Cell (Or with the First Resonator Acting as Receiver) and with a Receiver over the Resonator Line at Any Position
The magnitude of the input impedance of the whole array was measured using the same VNA as shown in Fig. 5(b) . Then, the value obtained is compared with the theoretical result given by:
which can be quickly and easily calculated using Eq. (2) or (3). The six resonators were used to form five different array configurations, with 2, 3, 4, 5 and 6 resonators. For each configuration, from Eq. (2) with n = 1, . . . , 5, and Eq. (6), we calculateẐ in at the resonant frequency f 0 = 147 kHz for different values of R T (0.4 Ω, 1.5 Ω and 10 Ω). These results were then compared with the input impedance obtained with the measurements on the same configurations of the system and are shown in Fig. 6 . It can be noticed that for R T = 1.5 Ω, Z in tends to the value (5) with much smaller oscillations than for the other two values of R T since R T = 1.5 Ω is the resistance closest to 1 2 (−R + R 2 + 4(ω 0 M ) 2 ) = 1.38 Ω which makes the equivalent impedance constant, confirming the theoretical result indicated in Appendix A.4 and Section 3.1. At frequencies different from the resonant one,Ẑ in is a complex quantity. As an example, the results are reported in Table 2 forẐ T = 1.5 Ω. In case there is a receiver over the ith cell of the resonator array, we can calculateẐ in in resonance conditions from Eqs. (3) and (6) . In the experimental setup, we connected a 5 Ω resistor to the ith cell to represent the additional impedance R d . The results are shown in Fig. 7 . The small difference between experiments and calculations comes probably from the imperfections in the manufacturing of the coils, as their self-inductance and resistance can be slightly different. Nevertheless, there is clearly a good agreement between the results, thus validating experimentally the theoretical developments presented in this work and showing their practical applicability to impedance matching.
Determination of the Input Power Using the Equivalent Impedance
As referred in the introduction of this paper, the value of equivalent impedance could be used, for a given voltage source, to determine the power delivered from the source to a loaded array. Then, assuming that we are working at the resonant frequency, the power delivered from a sinusoidal voltage source with a given RMS value V s , as represented in Fig. 1 (considering R s = 0) , can be given by:
where R eq is determined with Eq. (2) or with Eq. (3). When a H-bridge resonant inverter is used, the array is fed with a square voltage wave. This means we can set V s = V s1 in q. (7), with V s1 determined as in [20] :
where V s1 is the RMS of the fundamental component of the inverter output square wave v in , and V sq is the measured amplitude value of the square wave, whose duty cycle is assumed to be 0.5. Then, through measurements, the input power is obtained as the average value in a period of the product of the instantaneous voltage and current measured at the terminals of the inverter:
where T = 1/f 0 is the period of the waveforms, and v in (t) and i in (t) are the measured instantaneous values of the input voltage and current. The product of the instantaneous voltage and current and its average value in a period were calculated with the oscilloscope using the mathematical functions of its internal software. We can then compare the values calculated with the theoretical formula (7) with the experimental ones obtained with Eq. (9). This is done first considering an array of 6 resonators terminated with different values of R T (0.4 Ω, 1.5 Ω, 5 Ω and 10 Ω) and then an array of 6 resonators terminated with R T = 1.5 Ω with a receiver in different positions. The results of these two comparisons are presented in Figs. 8 and 9 which show, for a given voltage source, the power P in delivered by the source to a 6-resonator array versus the termination impedance and the receiver position, respectively. Fig. 8 shows that P in increases for an increasing value of R T ; Fig. 9 shows that for a fixed R T , the power delivered by the source has large oscillations depending on the position of the receiver. These examples show some of the possible practical applications of the study of the equivalent impedance on (9) to the input power calculated through the developed formulae ( (7) using V s = 4.9 V determined with Eqs. (8) and (2)) versus R T .
Figure 9.
Comparison of P in (W ) at the resonant frequency f 0 = 147 kHz obtained with measurements using Eq. (9) to the input power calculated through the developed formulae ((7) using V s = 4.9 V determined with Eqs. (8) and (3)) versus the position of the receiver.
determining and predicting the input power (and thus the input current) delivered by a given voltage source to the resonator array for different conditions of the system (variable R T or variable position of the receiver) which can be useful for the design of the array and its power source.
CONCLUSIONS
In this paper, through the application of the theory of linear homogeneous difference equations, an explicit closed-form expression of the equivalent impedance is developed, which depends on the electrical parameters of the resonator array, termination impedance, number of resonators, position and impedance of receivers. Moreover, from the mathematical analysis of the convergence of the recursive sequence that defines the continued fraction, it is found that for an arbitrarily large number of resonators, the equivalent impedance is given only by the electrical parameters of the resonator array, and that it does not depend on the termination impedance and the number of receivers over the line. Furthermore, by terminating the resonator array with the equivalent impedance of an infinite number of resonators, the equivalent impedance of the resonator array is constant for any number of resonators. It is also shown that the recursive sequence used to model the system has an oscillating behaviour. Then, in order to illustrate the proposed closed-form formulae, some examples of equivalent impedance calculation for different system configurations are provided. Moreover, the theoretical formulae for the equivalent impedance and for the efficiency are validated with experiments, and the comparison shows a very good agreement.
The mathematical approach developed in this work gives a consistent theoretical basis that can be used by electrical engineers not only as a powerful tool for designing resonator arrays for WPT systems with given properties and behaviour, but also more specifically to design the power source that feeds the resonator array and to study the matching of the source with the array. In fact, knowing the array equivalent impedance and its possible variations, the current and active power delivered by a given voltage source can be predicted accurately, thus saving time comparatively to other numerical or simulation software. 
A.1. Value of the Fraction without a Perturbation
The continued fraction in Eq. (1) for the particular case where the receiver is over the first cell, can be rewritten using generic letters for any number n + 1 of resonators (with n ≥ 0):
with a, b, p 0 , q 0 ∈ C where q 0 = 0, a and b both not equal to 0, and in case a = 0 then p 0 = 0. The previous fraction in Eq. (A1) is the nth term of the following recursive sequence (with k ≥ 1):
,
The term x 0 corresponds to the termination impedance of the first cell, e.g.,Ẑ T orẐ T in Eq. (1). In this way, labelling the n + 1 cells of the array from 1 to n + 1, 1 is the first array cell and n + 1 is the cell connected to the source. Thus, noting by
we verify by induction that {p n } and {q n } are sequences defined by the following recurrence relations:
being p 0 and q 0 fixed and
Equation (A4) of the type p n − bp n−1 − ap n−2 = 0 is a linear homogeneous second order difference equation with constant coefficients and its solution is given by p n = m 1 λ n 1 + m 2 λ n 2 supposing that λ 1 and λ 2 are distinct solutions of the equation λ 2 − bλ − a = 0:
in which m 1 and m 2 are constants that should be determined using the initial conditions. Analogous considerations can be done for {q n }.
Concluding, the general term of the sequence {x n } = {pn} {qn} is given by
where a 1 , a 2 , b 1 and b 2 are determined by the initial conditions x 0 and x 1 , and are given in Eq. (A.3), assuming, for simplicity that p 0 = x 0 and q 0 = 1.
A.2. Value of the Fraction with a Perturbation in the ith Term
We determine now the value of expression (1), which is the equivalent impedance of a multiple resonator system for a receiver placed over the ith cell of the receiver line. To do this, we rewrite the fraction as a generic continued fraction of the nth order with a perturbation b = b in the step i ≤ n of the recursive sequence: 
To solve this fraction, we split the fraction in two continued fractions (one with i and the other with n − i terms). After calculating the value of x k for the (i − 1)th term, we determine the ith value x i using the perturbation b and, finally, using x i as an initial value, we compute the value of the fraction, with the last n − i values. So, we start using Eq. (A7) to determine the term of (i − 1)th order: 
The constants c 1 , c 2 , d 1 and d 2 are computed using the initial conditions y 0 and where it is assumed that p 0 = y 0 and q 0 = 1. These constants are given in A.3 Expression (A11) represents the value of the fraction in Eq. (1) for n + 1 resonators with the perturbation in the ith term, (receiver facing the ith resonator, i.e., i = 1 corresponds to the first resonator and i = n to the resonator next to the one connected to the source).
